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ABSTRACT
We study the lifetimes of the remnant produced by the merger of two neutron stars and revisit the determi-
nation of the threshold mass to prompt collapse, Mth. Using a fully general-relativistic numerical approach
and a novel method for a rigorous determination of Mth, we show that a nonlinear universal relation exists
between the threshold mass and the maximum compactness. For the temperature-dependent equations of state
considered here, our results improve a similar linear relation found recently with methods that are less accurate
but yield quantitatively similar results. Furthermore, exploiting the information from GW170817, we use the
universal relation to set lower limits on the stellar radii for any mass.
1. INTRODUCTION
The recent detection of gravitational waves from the merger
of neutron-star binaries (Abbott et al. 2017) has heralded the
new era of multi-messenger gravitational-wave astronomy.
These observations offer new insight into the most extreme
objects in universe, namely, neutron stars, and allow us to
probe and constrain the properties of nuclear matter (Annala
et al. 2018; Paschalidis et al. 2017; Bauswein et al. 2017;
Radice et al. 2018; Most et al. 2018; Burgio et al. 2018; Mon-
tana et al. 2018).
When two neutron stars merge, they will produce an ob-
ject that either collapses promptly to a black hole, or does not
(Baiotti et al. 2008). In the latter case, the remnant may be a
metastable object, e.g., a hypermassive neutron star (HMNS),
eventually collapsing to a black hole on a secular timescale,
or survive for much longer times, either as a rotating or a non-
rotating star (see, e.g., Baiotti & Rezzolla 2017, for a re-
view). In the case of the first detection of merging neutron
stars, GW170817 (Abbott et al. 2017), the precise fate of the
merger remnant is presently unknown, although the forma-
tion of a black hole naturally matches the simultaneous obser-
vation of a short gamma-ray burst (Eichler et al. 1989; Rez-
zolla et al. 2011), and has been the working hypothesis to set
new limits on the maximum mass of neutron stars (Margalit &
Metzger 2017; Shibata et al. 2017; Rezzolla et al. 2018; Ruiz
et al. 2018).
Determining the time of collapse of the merger remnant
is particularly challenging as there are a number of physi-
cal processes that either determine or undermine the stabil-
ity of merger remnant. These include: the ejection of matter
(Rosswog et al. 1999; Kyutoku et al. 2014; Radice et al. 2016;
Lehner et al. 2016; Dietrich & Ujevic 2017; Bovard et al.
2017), the angular-momentum transfer via magnetic fields
(Kiuchi et al. 2015; Siegel et al. 2013; Kawamura et al. 2016),
the evolution of the degree of differential rotation (Kastaun
et al. 2016; Hanauske et al. 2017), and possible viscous ef-
fects mediated either by neutrinos or magnetic fields (Duez
et al. 2004; Shibata & Kiuchi 2017; Radice 2017; Alford et al.
2018).
The determination of the critical (threshold) mass to a
prompt collapse, Mth, is much simpler, although it still poses
numerical and conceptual challenges. Bauswein et al. (2013)
have been the first to explore this problem by employing a
smooth-particle approximation for the hydrodynamics and a
conformally flat approximation to general relativity. In this
way, they were able to find a linear universal relationship
between Mth and the compactness of the maximum-mass
model, C
TOV
:= M
TOV
/R
TOV
, where M
TOV
and R
TOV
are
respectively the mass and radius of the maximum-mass non-
rotating star. Here, we improve on this result by using a fully
general-relativistic approach, a wider range of compactnesses,
and a rigorous definition of the threshold mass. As a result, we
find a nonlinear relation between Mth and CTOV , which of-
fers a better match to the numerical-relativity results. Further-
more, exploiting the information from GW170817, we use the
new relation to set more stringent lower bounds on the radii
neutron stars.
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Figure 1: Masses and radii of nonrotating equilibrium solu-
tions, both stable (solid lines) and unstable (dashed lines).
Solid squares mark the maximum-mass solutions, while open
circles refer to models used as initial data; note that some
EOSs have initial data with similar properties but different
maximum masses.
2. METHODS AND SETUP
To describe the evolution of the merging system, we
solve the coupled Einstein-hydrodynamics system (Rezzolla
& Zanotti 2013) using the Einstein Toolkit (Löffler
et al. 2012). In particular, we evolve the spacetime with the
McLachlan code (Brown et al. 2009), with the same gauges
as in Hanauske et al. (2017). On the other hand, we evolve the
matter with the high-order relativistic-hydrodynamics code
WhiskyTHC (Radice & Rezzolla 2012; Radice et al. 2014).
The numerical grid uses the fixed-mesh refinement driver
Carpet (Schnetter et al. 2004), with a total of six refinement
levels having a highest resolution of 215 m covering the two
stars and a total extent of 700 km. For one equation of state
(EOS), we also considered different resolutions of 215, 287
and 573 m, obtaining threshold masses within a variance of
∆Mth . 0.005M.
A number of zero-temperature (“cold”) EOSs are available
for numerical simulations and rely on nuclear-physics calcu-
lations following a variety of theoretical approaches. While
these EOSs are suitable to describe the inspiral phase, they
become obviously inadequate after the merger, when the tem-
peratures reach values of several tens of MeV. To counter this,
it is customary to model the post-merger dynamics by modi-
fying these EOS and adding a “thermal” contribution via an
ideal-fluid EOS (Rezzolla & Zanotti 2013) so as to account for
the shock heating (Janka et al. 1993). This approach, while
not self-consistent, is rather robust and such “hybrid EOSs”
have been employed extensively in the literature (Baiotti &
Rezzolla 2017).
However, since our goal here is that of determining as accu-
rately as possible the threshold mass to prompt gravitational
collapse, it is essential that the description of the thermal ef-
fects in the matter is as realistic and self-consistent as possi-
ble. In turn, this forces us to consider EOSs that have a phys-
ically consistent dependence on temperature. Unfortunately,
EOS MTOV RTOV CTOV τTOV Mth ∆Mth
[M] [km] [µs] [MTOV ] [MTOV ]
BHBΛΦ 2.10 11.64 0.26 83.31 1.503 0.005
DD2 2.42 11.94 0.30 80.60 1.364 0.020
SFHo 2.06 10.34 0.29 70.44 1.391 0.016
TM1 2.22 12.6 0.26 91.70 1.520 0.015
Togashi+ 2.23 10.17 0.32 66.12 1.298 0.000
Table 1: Properties of the maximum-mass models for
the EOSs considered here: BHBΛΦ (Banik et al. 2014),
(HS-)DD2 (Typel et al. 2010), SFHo (Steiner et al. 2013),
(HS-)TM1 (Hempel et al. 2012), and Togashi+ (Togashi et al.
2016). Reported are: the maximum mass of a nonrotating
star M
TOV
, the corresponding radius R
TOV
, the compactness
CTOV , and the free-fall-timescale τTOV . Also shown are the
threshold masses Mth and the corresponding errors.
the number of EOSs that can be employed for this scope and
that do not violate some basic nuclear-physics requirement (as
it is the case for the widely employed LS220 EOS, Tews et al.
2017), is much more restricted. Here, we have employed all of
the five “hot” EOSs that can be used with confidence to deter-
mine the threshold mass. The corresponding properties, when
expressed in terms of the masses and radii of the maximum-
mass nonrotating configuration (hereafter TOV), are reported
in Table 1. Similarly, Fig. 1, shows the masses and radii of
the TOV equilibrium solutions, both stable (solid lines) and
unstable (dashed lines). Solid squares mark the maximum-
mass solutions, while open circles the models used.
Using these EOSs, we have modelled the initial data un-
der the assumption of irrotational quasi-circular equilibrium
(Gourgoulhon et al. 2001) and computed it via the LORENE
library for a total of 15 equal-mass (i.e., q = 1) binaries.
The initial separation is of 45 km, so that the binaries perform
around five orbits before the merger. We note that since the
threshold mass for equal-mass binaries is always larger than
for unequal-mass binaries, i.e., Mth(q = 1) > Mth(q < 1),
the use of equal-mass binaries is not a restriction but opti-
mises the search for Mth (see also Bauswein et al. 2017, for a
discussion).
The measurement of the threshold mass inevitably imposes
a clear definition, but also a straightforward procedure to ex-
tract this information from the numerical-relativity simula-
tions. Quite generically, one expects that the lifetime of the
HMNS, or collapse time tcoll, will decrease as the mass of
the binary is increased, so that the threshold mass will repre-
sent the shortest possible lifetime. This definition, is however
inconvenient since different EOSs will yield different “short-
est lifetimes” and comparing different EOSs may introduce
clear biases. We resolve this problem by building our analy-
sis around two important logical steps. First, we consider the
collapse time as a dimensionless quantity by expressing it in
terms of the free-fall time τff that, for an object of mass M
3and radius R, is given by (Rezzolla & Zanotti 2013)
τff(M,R) :=
pi
2
√
R3
2M
. (1)
Since R ∼ 1/M for stable models, the smallest free-fall
time will be achieved for the maximum-mass model, so that
the shortest free-fall timescale is τ
TOV
:= τff(MTOV , RTOV).
Second, we define the threshold mass Mth as the one for
which the merger remnant will collapse over such a timescale,
i.e., M/M
TOV
→Mth/MTOV for tcoll/τTOV → 1.
We next discuss the procedure followed for the measure-
ment of the collapse time, tcoll as given by the difference be-
tween the (coordinate) time of merger, tmerg, and that of col-
lapse to a black hole, t
BH
, i.e., tcoll := tBH − tmerg. Both of
these times can be measured in a number of different ways.
The first one involves the emission of gravitational waves,
with tmerg being given by the time of the first maximum of the
gravitational-wave strain amplitude h, or of the Weyl scalar
Ψ4. The time of collapse, on the other hand, can be estimated
as the time when the ringdown signal starts. While overall ro-
bust, measurements involving gravitational waves are prone
to errors as tmerg depends sensitively on the phase evolution
of the binary in its most nonlinear stage1. Similarly, deter-
mining t
BH
is complicated by the fact that the beginning of
the ringdown is somewhat arbitrary and ringdown itself can
be modified by the matter infalling onto the black hole.
To counter these difficulties, tmerg could be measured via
the proper separation between the two stellar cores, marking
the merger as the time when such a separation is below a frac-
tion of the initial diameters of the two stars. Similarly, t
BH
could also be measured in terms of the first appearance of
an apparent horizon. Although these measurements show an
overall consistency, they suffer in from the fact that the proper
separation is very sensitive to the properties of the EOSs, and
that the first appearance of the apparent horizon is ultimately
set by the frequency at which it is searched during the simu-
lations.
A third approach for measuring tcoll and tBH involves in-
stead the monitoring of the minimum of the lapse function α,
which we evolve employing a singularity-avoiding “1 + log”
slicing (Alcubierre 2008). This quantity has been shown to
be a very good proxy for the tracking and appearance of an
apparent horizon (Alcubierre 2008) and has the advantage of
being extremely robust. As a result, we can mark the two
times respectively when
tmerg : min(α) = αmerg := 0.35 ,
t
BH
: min(α) = α
BH
:= 0.2 .
(2)
These values for min(α) are less arbitrary than they may ap-
pear as αmerg = 0.35 and αBH = 0.2 systematically represent
the first minimum and zero of second derivative of the func-
tion min(α(t)), respectively; also, at α
BH
= 0.2 the apparent
1 As the threshold mass is approached, the merger can take place a fraction
of a radian earlier/later than expected, biasing the measurement.
horizon is also normally first found. More importantly, the
results are invariant under a change of the values in (2).
In summary, all methods to compute tcoll provide results
that are consistent across different choices. However, when
it comes to robustness and simplicity of implementation, the
monitoring of the minimum of the lapse function represents
the optimal choice and is the one employed in the results that
will be presented next.
3. RESULTS
Figure 2 reports the collapse times normalised to the free-
fall timescale of the maximum-mass models, tcoll/τTOV , for
all of the EOSs considered; these times are then shown as a
function of the initial half-mass of the binary normalized to
the maximum-mass, M/MTOV. The adoption of such set of
dimensionless quantities has the goal of revealing a behaviour
of the threshold mass that is universal, i.e., only weakly de-
pendent on the EOS (see, e.g., Breu & Rezzolla 2016; Weih
et al. 2018, for some examples).
Filled circles of different colours in Fig. 2 report the nu-
merical data for the various EOSs and mark the values of the
initial masses in the binaries. Note that as tcoll decreases,
even small differences in the initial masses can lead to rather
large differences in the survival time. Also note that only
two values are reported for the Togashi+ EOS and these dif-
fer by only 3.7% in mass (i.e., M = 1.440, 1.435M); a
binary with a slightly smaller mass (e.g., M = 1.430M)
leads to a HMNS effectively stable over the timescales inves-
tigated here. Finally, since tcoll should diverge for vanish-
ingly small values of M , we fit the numerical data with a sim-
ple exponentially decaying function of the type M/M
TOV
=
a˜ exp[−b˜(tcoll/τTOV)2]. A rapid inspection of Fig. 2 shows
that the exponential fit is rather good and that a linear approx-
imation would overestimate the threshold mass. Indeed, near
the free-fall limit, the behaviour of M/M
TOV
should not be
linear as in this limit infinitesimal changes in M are sufficient
to yield a prompt collapse. Such a behaviour, frequently en-
countered in critical-collapse calculations, requires the func-
tion M/MTOV to have vanishing derivative for tcoll/τTOV →
1. Clearly, our nonlinear fitting reflects this behaviour while a
linear one does not.
Figure 2 also reveals that the threshold mass is roughly
given by
Mth
MTOV
≈ 1.415 , (3)
with an uncertainty of ∆Mth = 0.05M, i.e., a relative er-
ror of ∼ 4%. Hence, Eq. (3) provides the lowest-order ap-
proximation between the threshold mass and the correspond-
ing maximum mass. The existence of a relation of this type
has been suggested initially by Bauswein et al. (2013), who
concluded that Mth/MTOV = k, with k a linear function
of the maximum compactness C
TOV
. More specifically, the
universal ansatz proposed by Bauswein et al. (2013) is that
40 2 4 6 8 10
tcoll/τTOV
1.2
1.3
1.4
1.5
1.6
M
/M
T
O
V
fr
ee
fa
ll
DD2
SFHo
TM1
BHBΛφ
Togashi+
Figure 2: Measured collapse times tcoll (circles) normalised
by their respective τ
TOV
for the different EOSs. Stars rep-
resent the threshold mass, Mth, predicted by the exponential
fit, while the grey-shaded region corresponds to times below
free-fall.
k = aˆ C
TOV
+ bˆ, with aˆ = 3.38, bˆ = 2.43, independent of the
EOS.
Such a linear ansatz does represent a reasonable first ap-
proximation to the data but not the most general one. In par-
ticular, if it represents a universal behaviour of compact self-
gravitating objects it should be valid for all possible compact-
nesses and provide the expected black-hole limit, for which
Mth/MTOV → 0 for CTOV → 1/2. Hence, we correct the
linear approximation via a nonlinear fit of the type
Mth
M
TOV
= a− b
1− c C
TOV
, (4)
where a, b, c are to be determined from the data. However,
imposing the fulfilment of the black-hole limit removes one
free parameter and sets a = 2b/(2− c).
Figure 3 reports with a solid blue line the fit (4) with
b = 1.01, c = 1.34, against the numerical-relativity data
shown with stars of the same colorcode as in Fig. 2 (see Ta-
ble 1 for the errors in the fit). Also shown with a red-dashed
line is the linear approximation of Bauswein et al. (2017),
which clearly suggests larger threshold masses, most probably
because the conformally flat approximation used by Bauswein
et al. (2013) underestimates the strong-curvature behaviour
that characterises the threshold to black hole collapse. At the
same time, the difference with the linear approximation of is
not enormous and is of 8% at most for the cases considered
here.
Additionally, we show in the inset of Fig. 3 a comparison of
the linear and nonlinear fittings for the threshold mass in the
whole range of possible compactnesses, i.e., C
TOV
∈ [0, 1/2].
The light-green area refers to neutron stars, with the lower
limit C
TOV
& 0.2 deduced from a large sample of EOSs (Most
et al. 2018) and the upper limit C
TOV
. 0.35 set by causality;
instead, the upper limit of the dark-green area CTOV < 4/9
is set by the Buchdahl limit for compact stars (Rezzolla &
Zanotti 2013).
Besides providing an improvement over the linear approxi-
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Figure 3: Universal relation for the threshold mass with the
stars matching the data in Fig. 2; the solid-blue line is the non-
linear fit (4), while red-dashed line the linear fit of Bauswein
et al. (2017). The green-shaded area reports the compactness
expected for neutron stars, while the inset the two universal
relations over a wider range.
mation of Bauswein et al. (2013), the nonlinear expression (4)
can now be used to provide more stringent (i.e., larger) lower
limits on the radii of possible stellar models in the light of the
recent detection of GW170817 (Abbott et al. 2017). In par-
ticular, following Bauswein et al. (2017), we use (4) to plot
the threshold mass for different potential choices of RTOV ;
this is shown in the left panel of Fig. 4 with black solid lines
and for R
TOV
= 10, 11, 12 km. Also reported in Fig. 4 with
a grey-shaded area is the limit set by causality and that re-
quires M
TOV
/R
TOV
. 0.354 (Koranda et al. 1997). As noted
by Bauswein et al. (2017), given the merger of a neutron-star
binary with total mass Mtot, it is possible to set a lower limit
on Mth. This is shown in the left panel Fig. 4, where we re-
port with a horizontal blue-dashed line the total gravitational
mass estimated for GW170817, Mtot = 2.74+0.04−0.01M (Ab-
bott et al. 2017).
The corresponding uncertainty band (blue-shaded area)
gives a lower constraint on Mth, since GW170817 did not
lead to a prompt collapse. The blue band thus constraints the
red-shaded area from below, yielding a lower limit for the ra-
dius of the maximum-mass star, R
TOV
≥ 9.74+0.14−0.04 km (red
solid line); this is to be contrasted with the value deduced
by Bauswein et al. (2017), i.e., R
TOV
≥ 9.26+0.17−0.03 km, on
the basis of their linear approximation. Interestingly, to ob-
tain a more stringent constraint similar to the one derived
here, Bauswein et al. (2017) required a hypothetical detection
of a binary with Mtot ' 2.9M.
The logical approach and the mathematical procedure fol-
lowed so far to derive the nonlinear fit (4) for CTOV can be
repeated for the compactness of a fixed mass Mx, i.e., Cx :=
Mx/Rx, thus allowing us to set constraints not only onRTOV ,
but on any radius Rx within a reasonable range (the fit be-
comes increasingly bad for large masses since the EOSs do
not have solutions well above two solar masses). This is
shown in the right panel of Fig. 4, where the values of Mx
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Figure 4: Left panel: the lower bound on R
TOV
(red) using the universal relation (4). The horizontal blue-dashed line marks the
mass of GW170817 and its uncertainty. The red-shaded area shows the values excluded by the detection. The grey-shaded area
represents values excluded by the causality constraint. Right panel: universal relation (black) for the lower limit ofRx for a given
mass M (blue crossed); the red arrow represents the constraint from Bauswein et al. (2017) for a 1.6M star.
and Rx are indicated with blue crosses, while in black is the
quadratic fit
Rx = −0.88M2 + 2.66M + 8.91 . (5)
The importance of expression (5) is that it offers a handy
expression for the lower limit of stellar models as deduced
from GW170817. A similar procedure has been followed by
Bauswein et al. (2017), but only for a fixed mass of 1.6M,
from which it was deduced that R1.6 ≥ 10.30 km; this result
should be contrasted with the value derived from (5), which
is instead R1.6 ≥ 10.90 km. Similarly, for a reference star
of 1.4M we obtain R1.4 ≥ 10.92 km, which is worryingly
close to the estimate by Bauswein et al. (2017) for 1.6M2.
On the other hand, our R1.4 estimate is in good agreement
with that of Most et al. (2018), who have explored a large
number of possible EOSs and built a set of one billion stellar
models from which they deduced that 12.00 < R1.4/km <
13.45.
4. CONCLUSIONS
The detection of the merger of a binary system of neutron
stars has concretely initiated the process of extracting infor-
mation on the most extreme state of matter from gravitational-
wave signals. An important phase of this process lies in un-
derstanding the post-merger behaviour of the binary and the
stability of the remnant. Indeed, knowing whether the system
promptly forms a black hole is critical to understanding and
interpreting the electromagnetic signals that may be observed.
Using a fully general-relativistic approach and a novel
method for the determination of the threshold mass, we have
carried out simulations making use of all of the realistic EOSs
available to describe this process. In this way, we have found a
nonlinear universal relation for the threshold mass as a func-
tion of the maximum compactness and which is potentially
valid for all compactnesses. At least for the temperature-
dependent EOSs considered here, this universal relation im-
2 Bauswein et al. (2017) provide an estimate only for R1.6.
proves the linear relation found recently with methods that
are less accurate, but that also yield quantitatively similar re-
sults. Furthermore, exploiting the detection of GW170817,
we have used the universal relation to set lower limits on the
stellar radii for any any mass.
These results can be improved in at least two ways. First,
as new hot EOSs becomes available for numerical simulations
it will be possible to extend the analysis carried here, reduc-
ing its uncertainty. Second, as new detections from binary
neutron-star mergers will be revealed, the masses of these sys-
tems and their electromagnetic counterparts will be used to set
ever more precise lower bounds on the radii of neutron stars.
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